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CLASSIFICATION OF DEFORMATION
QUANTIZATION ALGEBROIDS ON COMPLEX
SYMPLECTIC MANIFOLDS
PIETRO POLESELLO
Abstract. Deformation quantization algebroids over a complex
symplectic manifold X are locally given by rings of WKB opera-
tors, that is, microdifferential operators with an extra central pa-
rameter τ . In this paper, we will show that such algebroids are
classified by H2(X ; k∗X), where k
∗ is a subgroup of the group of
invertible formal power series in τ−1.
Mathematics Subject Classification: 46L65, 35A27, 18G5
Introduction
Let M be a complex manifold, and T ∗M its cotangent bundle en-
dowed with the canonical symplectic structure. Let WM be the sheaf
of rings of WKB operators, that is, microdifferential operators with an
extra central parameter τ . This ring provides a of T ∗M . Recall that
the order of the operators defines a filtration on WM such that its as-
sociated graded ring is isomorphic to OT ∗M [τ
−1, τ ]. Then, any filtered
sheaf of rings which has OT ∗M [τ
−1, τ ] as graduate ring and which is
locally isomorphic to WM gives another deformation quantization of
T ∗M . We call such an object a WKB-algebra.
On a complex symplectic manifold X there may not exist a sheaf of
rings of WKB operators, that is, a sheaf locally isomorphic to i−1WM ,
for any symplectic local chart i : X ⊃ U −→ T ∗M . However, it is al-
ways defined an algebroid WX , which consists, roughly speaking, in
considering the whole family of locally defined sheaves of WKB oper-
ators. This gives a deformation quantization of X (see [12, 14, 17, 9]).
Again, the algebroid WX is filtered and its associated graded is the
The author had the occasion of visiting Keio University and RIMS of Kyoto
University during the preparation of this paper. Their hospitality is gratefully
acknowledged .
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2 P. POLESELLO
trivial algebroid OX [τ
−1, τ ]. Then we may define a WKB-algebroid
to be a filtered algebroid with the same graded as WX , and which is
locally equivalent to WX . As before, any of these objects provides a
deformation quantization of X .
The purpose of this paper is to show that WKB-algebroids are clas-
sified by H2(X ; k∗X), where k
∗ is a subgroup of the group of invertible
formal Laurent series in τ−1.
We refer to [7] for the classification of deformation quantization al-
gebras on real symplectic manifolds.
The paper is organized as follows: we start by recalling the definition
of WKB operator and that of WKB-algebra on T ∗M , and by giving
their classification. We then recall the main definitions and properties
of filtered and graded stacks, and those of cohomology with values in
a stack. With these tools at hand, we may define the WKB-algebroids
on X and give their classification.
Acknowledgement We wish to thank Masaki Kashiwara for useful
suggestions.
1. WKB-algebras
The relation between Sato’s microdifferential operators and WKB
operators1 is classical, and is discussed e.g. in [16, 1]. We follow here
the presentation in [17], and we refer to [18, 11, 13] for the theory of
microdifferential operators.
Let M be a complex manifold, and denote by ρ : J1M −→ T ∗M the
projection from the 1-jet bundle to the cotangent bundle. Let (t; τ) be
the system of homogeneous symplectic coordinates on T ∗C, and recall
that J1M is identified with the affine chart of the projective cotangent
bundle P ∗(M × C) given by τ 6= 0. Denote by EM×C the sheaf of
microdifferential operators on P ∗(M×C). In a local coordinate system
(x, t) on M × C, consider the subring E
√
v
M×C,tˆ of operators commuting
with ∂t. The ring of WKB operators is defined by
WM = ρ∗(EM×C,tˆ|J1M).
In a local coordinate system (x) on M , with associated symplectic
local coordinates (x; u) on T ∗M , a WKB operator P of order m defined
1WKB stands for Wentzel-Kramer-Brillouin.
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on a open subset U of T ∗M has a total symbol
σ(P ) =
m∑
j=−∞
pj(x; u)τ
j ,
where the pj’s are holomorphic functions on U subject to the estimates
(1.1)
{
for any compact subset K of U there exists a constant
CK > 0 such that for all j < 0, sup
K
|pj| ≤ C
−j
K (−j)!.
The product structure on WM is given by the Leibniz formula not
involving τ -derivatives. If Q is another WKB operator defined on U of
total symbol σ(Q), then
σ(P ◦Q) =
∑
α∈Nn
τ−|α|
α!
∂αuσ(P )∂
α
xσ(Q).
Remark 1.1. The ring WM is a deformation quantization of T
∗M
in the following sense. Setting ~ = τ−1, the sheaf of formal WKB
operators (obtained by dropping the estimates (1.1)) of degree less
than or equal to 0 is locally isomorphic to OT ∗M [[~]] as CT ∗M -modules
(via the total symbol), and it is equipped with an unitary associative
product (the Leibniz rule) which induces a star-product on OT ∗M [[~]].
Recall that the center of WM is the constant sheaf kT ∗M with stalk
the subfield k = Wpt ⊂ C[[τ
−1, τ ] of WKB operators over a point, i.e.
series
∑
j ajτ
j which satisfie the estimate:{
there exists a constant C > 0 such that
for all j < 0, |aj| ≤ C
−j(−j)!.
The sheaf WM is filtered (over Z), and one denotes by WM(m) the
sheaf of operators of order less than or equal to m. We denote by
σm(·) : WM(m) −→WM (m)/WM(m− 1) ≃ OT ∗M · τ
m
the symbol map of order m. This function does not depend on the
local coordinate system on X . If σm(P ) is not identically zero, then
one says that P has order m and σm(P ) is called the principal symbol
of P . In particular, an element P in WM is invertible if and only if its
principal symbol is nowhere vanishing. Moreover, the principal symbol
map induces an isomorphism of graded rings:
σ : Gr(WM)
∼
−→ OT ∗M [τ
−1, τ ].
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Let ΩM be the canonical sheaf on M , that is, the sheaf of forms of
top degree. Recall that each locally defined volume form θ ∈ ΩM gives
rise to a local isomorphism ∗θ : W
op
M
∼
−→ WM , which sends an operator
P to its formal adjoint P ∗θ with respect to θ. Twisting WM by ΩM ,
one then gets a globally defined isomorphism of rings
WopM
∼
−→ π−1ΩM ⊗WM ⊗ π−1Ω
⊗−1
M P 7→ θ ⊗P
∗θ ⊗ θ⊗−1,
which does not depend on the choice of the volume form. (Here
π : T ∗M −→ M denotes the natural projection, Ω
⊗−1
M the OM -dual of
ΩM and the tensor product is over π
−1OM .) This leads to replace the
ring WM by its twisted version by half-forms
2
W
√
v
M = π
−1Ω
⊗1/2
M ⊗WM ⊗ π
−1Ω
⊗−1/2
M .
The k-algebraW
√
v
M is locally isomorphic toWM and has the following
properties:
(i) it is filtered;
(ii) there is an isomorphism of graded rings
σ : Gr(W
√
v
M )
∼
−→ OT ∗M [τ
−1, τ ];
(iii) it is endowed with an anti-involution, i.e. an isomorphism of
rings
∗ : (W
√
v
M )
op ∼−→W
√
v
M such that ∗
2 = id.
This suggests the following
Definition 1.2. A WKB-algebra on T ∗M is a sheaf of k-algebras A
together with
(i) a filtration {FmA}m∈Z;
(ii) an isomorphism of graded rings ν : Gr(A)
∼
−→ OT ∗M [τ
−1, τ ];
(iii) an anti-involution ι;
such that the triplet (A, ν, ι) is locally isomorphic to (W
√
v
M , σ, ∗).
A morphism of WKB-algebras is a k-algebra morphism compatible
with the structures (i), (ii) and (iii).
2Recall that the sections of W
√
v
M are locally defined by θ
⊗1/2
⊗ P ⊗ θ
⊗−1/2
for
a volume form θ and an operator P , with the equivalence relation θ
⊗1/2
1 ⊗ P1 ⊗
θ
⊗−1/2
1 = θ
⊗1/2
2 ⊗P2 ⊗ θ
⊗−1/2
2 if and only if P2 = (θ1/θ2)
1/2P1(θ1/θ2)
−1/2.
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By definition, an isomorphism of WKB-algebras ϕ : A1 −→ A2 is a
k-algebra isomorphism commuting with the anti-involutions, mapping
FmA1 to FmA2 in such a way that ν
2
m(ϕ(P )) = ν
1
m(P ) for all P ∈ FmA1.
(Here νim denotes the symbol map Fm(Ai) −→ Fm(Ai)/Fm−1(Ai) ≃
OT ∗M · τ
m of order m, for i = 1, 2.) This translates to WKB operators
the notion of equivalence between star-products. Hence any (formal)
WKB-algebra provides a deformation quantization of T ∗M . See [2, 3]
for similar definitions in the context of microdifferential and Toeplitz
operators.
Example 1.3. Let f : T ∗M −→ T ∗M be a symplectic transformation.
Then W
√
v
M induces an anti-involution on f
−1W
√
v
M and a filtration such
that the associated graded ring is isomorphic (via f) to OT ∗M [τ
−1, τ ].
By [17], locally there exists a Quantized Symplectic Transformation
over f , that is, an isomorphism f−1W
√
v
M ≃ W
√
v
M of filtered k-algebras,
commuting with the anti-involutions and which preserves the graded
rings. It follows that f−1W
√
v
M is a WKB-algebra.
Denote byAutWKB(W
√
v
M ) the group of WKB-algebra automorphisms
of W
√
v
M and set
W
√
v,∗
M = {P ∈ W
√
v
M ; P has order 0, σ0(P ) = 1 and PP
∗ = 1},
k∗ = {s(τ) ∈ k; s(τ) = 1 +
∑
j<0 ajτ
j and s(τ)s(−τ) = 1}.
Note that W
√
v,∗
M is a subgroup of the group W
√
v,×
M of invertible WKB
operators, and that k∗ =W
√
v,∗
pt .
Lemma 1.4. (cf [17]) There is an exact sequence of groups on T ∗M
(1.2) 1 −→ k∗T ∗M −→W
√
v,∗
M
ad
−→ AutWKB(W
√
v
M ) −→ 1,
where ad(P )(Q) = PQP−1 for any P ∈ W
√
v,∗
M and Q ∈ W
√
v
M .
The set of isomorphism classes of WKB-algebras on T ∗M is in bi-
jection with H1(T ∗M ;Aut WKB(W
√
v
M )). Hence we get
Corollary 1.5. WKB-algebras on T ∗M are classified by the pointed
set H1(T ∗M ;W
√
v,∗
M /k
∗
T ∗M).
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2. Filtered and graded stacks
To define WKB-algebroids, we need to translate the notions of filtra-
tion and graduation from sheaves to stacks. We start here by recalling
what a filtered (resp. graded) category is and how to associate a graded
category to a filtered one. Then we stakify these definitions. We as-
sume that the reader is familiar with the basic notions from the theory
of stacks which are, roughly speaking, sheaves of categories. (The clas-
sical reference is [10], and a short presentation is given e.g. in [12, 8].)
Let R be a commutative ring.
Definition 2.1. A filtered (resp. graded) R-category is an R-category3
C such that:
• for any objects P,Q ∈ C, the R-module Hom
C
(P,Q) is filtered
(resp. graded) over Z;
• for any P,Q,R ∈ C and any morphisms f in FmHomC(Q,R)
(resp. in GmHomC(Q,R)) and g in FnHomC(P,Q) (resp. in
GnHomC(P,Q)), the composition f ◦ g is in Fm+nHomC(P,R)
(resp. in Gm+nHomC(P,R));
• for each P ∈ C, the identity morphism idP is in F0HomC(P, P )
(resp. in G0HomC(P, P )).
A filtered (resp. graded) R-functor is an R-functor which respects the
filtrations (resp. graduations) at the level of morphims.
To any filtered R-category C there is an associated graded R-category
Gr(C), whose objects are the same of those of C and the morphisms are
defined by Hom Gr(C)(P,Q) = Gr(HomC(P,Q)) for any objects P,Q. In
this way, we get a functor from filtered R-categories to graded ones.
Following the presentation in [9], recall that there is a fully faith-
ful functor from filtered (resp. graded) R-algebras to filtered (resp.
graded) R-categories, which sends a filtered (resp. graded) R-algebra
A the category A+ with a single object • and End(•) = A as set of
morphisms. Hence, the functors Gr and + commutes, that is, for any
filtered R-algebra A one has Gr(A+) = Gr(A)+.
Note that, if A is a filtered R-algebra, the R-categoryModF (A) of fil-
tered left A-modules has a natural filtration: for any filtered A-modules
M and N , one sets FmHomFA(M,N) = HomFA(M,N(m)), where
3Recall that an R-category is a category whose sets of morphisms are endowed
with an R-module structure, so that composition is bilinear. An R-functor is a
functor between R-categories which is linear at the level of morphisms.
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N(m) has the same underlying A-module as N , and the filtration is
given by FnN(m) = Fn+mN . One easily checks that ModF (A) is equiv-
alent to the category HomF (A
+,ModF (R)) of filtered R-functors from
A+ to ModF (R) and that the Yoneda embedding
A+ −→ HomF ((A
+)op,ModF (R)) ≈ ModF (A
op)
identifies A+ with the full subcategory of filtered right A-modules which
are free of rank one. Everything remains true replacing filtered algebras
and categories by graded ones.
Let X be a topological space, and R a sheaf of commutative rings.
As for categories, there are natural notions of filtered (resp. graded)
R-stack, and of filtered (resp. graded)R-functor between filtered (resp.
graded) R-stacks.
As above, we denote by + the (faithful and locally full) functor
from filtered (resp. graded) R-algebras to filtered (resp. graded) R-
categories, which sends a filtered (resp. graded) R-algebra A to the
stack A+ defined as follows: it is the stack associated with the sepa-
rated prestack X ⊃ U 7→ A(U)+.
If A is a filtered R-algebra, then the stack ModF (A) of filtered left
A-modules is filtered and equivalent to the stack of filtered functors
HomF (A
+,ModF (R)), and the Yoneda embedding gives a fully faithful
functor
A+ −→ HomF ((A
+)op,ModF (R)) ≈ModF (A
op)
into the stack of filtered right A-modules. This identifies A+ with the
full substack of locally free filtered right A-modules of rank one. As
above, everything remains true replacing filtered algebras and stacks
by graded ones.
Let S be a filtered R-stack. We denote by Gr(S) the graded stack
associated to the pre-stack X ⊃ U 7→ Gr(S(U)).
Proposition 2.2. Let A be a filtered R-algebra and Gr(A) its as-
sociated graded ring. Then there is an equivalence of graded stacks
Gr(A+) ≈ Gr(A)+.
Proof. Let L be a locally free right filtered A-module of rank one (that
is, an object ofA+). Its associated graded module Gr(L) is a locally free
right graded Gr(A)-module of rank one (that is, an object of Gr(A)+).
Hence the assignement L 7→
gr(L) induces a functor Gr(A+) −→ Gr(A)+ of graded stacks. Since at
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each x ∈ X this reduces to the equality Gr(A+x ) = Gr(Ax)
+, it follows
that it is a global equivalence. 
Recall from [14, 9] that an R-algebroid stack is an R-stack A which
is locally non-empty and locally connected by isomorphisms. Equiva-
lently, for any x ∈ X there exist an open subset U ⊂ X containing x
and an R-algebra A on U such that A|U ≈ A
+.
Corollary 2.3. Let A be a filtered R-stack. If A is an R-algebroid
stack, then it associated graded stack Gr(A) is again an R-algebroid
stack.
3. WKB-algebroids
Let (X,ω) be a complex symplectic manifold. Recall that a local
model for X is an open subset U of the cotangent bundle T ∗M of a
complex manifold M , equipped with the canonical symplectic form.
Although there may not exist a globally defined WKB-algebra on X ,
that is, a sheaf locally isomorphic to i−1WM for any symplectic local
chart i : X ⊃ U −→ T ∗M , Polesello-Schapira [17] defined a canonical
stack of WKB-modules on X . Following [9], this result may be restated
as:
Theorem 3.1. On any complex symplectic manifold X there exists a
canonical k-stack WX which is locally equivalent to (i
−1W
√
v
M )
+ for any
symplectic local chart i : X ⊃ U −→ T ∗M .
By definition, WX is a k-algebroid stack. Hence there exists a canon-
ical WKB-algebra on X if and only if WX has a global object.
Proposition 3.2. The k-algebroid stack WX has the following prop-
erties:
(i’) it is filtered;
(ii’) there is a natural equivalence of graded stacks
σ : Gr(WX)
≈
−→ (OX [τ
−1, τ ])+;
(iii’) it is endowed with an anti-involution ∗, that is, with a linear
equivalence
∗ : WopX
≈
−→WX
and an invertible transformation ǫ : ∗ 2 ⇒ idWX such that the
transformations ǫ id∗ : ∗ 3 ⇒ ∗ and id∗ ǫ : ∗ ⇒ ∗3 are inverse
one to each other.
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We may mimic the definition of WKB-algebra and get the following
Definition 3.3. A WKB-algebroid on X is a k-stack A endowed with
(i)+ a filtration;
(ii)+ an equivalence of graded stacks ν : Gr(A)
≈
−→ (OX [τ
−1, τ ])+;
(iii)+ an anti-involution ι;
such that the triplet (A, ν , ι) is locally equivalent to (WX ,σ,∗).
A functor of WKB-algebroids is a k-functor compatible with the
structures (i)+, (ii)+ and (iii)+.
As (formal) WKB-algebras give the deformation quantizations of
T ∗M , we may say that (formal) WKB-algebroids provide the deforma-
tion quantizations of X .
Definition 3.4. We call WX the canonical WKB-algebroid on X .
4. Cohomology with values in a stack
As for classifying WKB-algebras one uses cohomology with values in
a sheaf of groups, so to classify WKB-algebroids we need a cohomology
theory with values in a stack with group-like properties. In this section
we briefly recall the definition of cohomology with values in a stack and
show how to describe it explicitly by means of the notion of crossed
module. References are made to [4, 5].
We assume that the reader is familiar with the notions of monoidal
category and monoidal functor. (The classical reference is [15].)
Let X be a topological space.
Definition 4.1. (i) A 2-group4 is a rigid monoidal groupoid, i.e.
a monoidal category (G,⊗, 1) with all the morphisms invertible
and such that for any object P ∈ G there exist an object Q and
natural morphisms P ⊗Q ≃ 1 and Q⊗P ≃ 1. A functor of 2-
groups is a monoidal functor between the underlying monoidal
categories.
(ii) A pre-stack (resp. stack) of 2-groups on X is a pre-stack (resp.
stack) G such that for each open subset U ⊂ X , the category
G(U) is 2-group and the restriction functors are functors of 2-
groups.
4We follow here the terminology of Baez-Lauda [Higher-dimensional algebra V:
2-groups, e-print (2004) arXiv:math.QA/0307200], which seems to us more friendly
than the classical one of gr-category due to Grothendieck.
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If there is no risk of confusion, a stack of 2-groups on X will be
simply called a 2-group on X .
Example 4.2. Let G be a sheaf of groups on X .
(i) The discrete stack G[0] defined by trivially enriching G with
identity arrows is a 2-group on X .
(ii) Let G[1] be the stack in groupoids associated to the separated
pre-stack whose category on an open subset U ⊂ X has a single
object • and End (•) = G(U) as set of morphisms. Then G[1]
is equivalent to the stack of right G-torsors and it defines a
2-group on X if and only if G is commutative.
Let G be a pre-stack of 2-groups on X . We define the 0-th cohomol-
ogy group of X with values in G to be
H0(X ;G) = lim
−→U
H0(U ;G),
where U ranges over open coverings of X . For an open covering U =
{Ui}i∈I , the elements ofH0(U ;G) are represented by pairs ({Pi}, {αij})
(the 0-cocycles), where Pi is an object in G(Ui) and αij : Pj
∼
−→ Pi
is an isomorphism on double intersection Uij = Ui ∩ Uj , such that
αij◦αjk = αik on triple intersection Uijk, with the relation ({Pi}, {αij})
is equivalent to ({P ′i}, {α
′
ij}) if and only if there exists an isomorphism
δi : P
′
i
∼
−→ Pi compatible with αij and α
′
ij on Uij .
Note that, if G is a stack of 2-groups, then H0(X ;G) is isomorphic
to the group of isomorphism classes of objects in G(X).
Similarly, the 1-st cohomology (pointed) set of X with values in G
is defined as
H1(X ;G) = lim
−→U
H1(U ;G),
where U ranges over open coverings of X . For an open covering U =
{Ui}i∈I , the elements ofH1(U ;G) are given by pairs ({Pij}, {αijk}) (the
1-cocycles), where Pij is an object in G(Uij) and αijk : Pij ⊗ Pjk
∼
−→
Pik is an isomorphism on Uijk such that the diagram on quadruple
intersection Uijkl
Pij ⊗Pjk ⊗Pkl
αijk⊗idPkl
//
idPij ⊗αjkl

Pik ⊗Pkl
αikl

Pij ⊗Pjl
αijl
// Pil
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commutes. The 1-cocylces ({Pij}, {αijk}) and ({P
′
ij}, {α
′
ijk}) are equiv-
alent if and only if there exists a pair ({Qi}, {δij}), with Qi an object
of G(Ui) and δij : P
′
ij⊗Qj
∼
−→ Qi⊗Pij an isomorphism on Uij such that
the diagram on Uijk
P ′ij ⊗P
′
jk ⊗Qk
id
P′
ij
⊗δjk
//
α′
ijk
⊗idQk

P ′ij ⊗Qj ⊗Pjk
δij⊗idPjk
// Qi ⊗Pij ⊗Pjk
idQi ⊗αijk

P ′ik ⊗Qk
δik
// Qi ⊗Pik
commutes.
In the rest of the section we will give a more explicit description
of the cohomology with values in a stack by means of cocycles with
values in a crossed module. (This was Breen’s approach to non abelian
cohomology of Giraud [10].)
Definition 4.3. A crossed module on X is a complex of sheaves of
groups G−1 d−→ G0 endowed with a left action of G0 on G−1 such that
for any local sections g ∈ G0 and h, h′ ∈ G−1 one has
d(gh) = ad(g)(d(h)) d(h
′)h = ad(h′)(h).
(Here we use the convention as in [5] for which Gi is in i-th degree.)
A morphism of crossed modules is a morphism of complexes com-
patible with the actions in the natural way.
Associated to each crossed module G−1 d−→ G0 there is 2-group on
X , which we denote by [G−1
d
−→ G0], defined as follows: it is the stack
associated to the separated pre-stack of 2-groups whose objects on an
open subset U ⊂ X are the sections g ∈ G0(U) with 2-group law
g ⊗ g′ = gg′, and whose morphisms g −→ g′ are given by sections
h ∈ G−1(U) such that g′ = d(h)g, with the 2-group structure given by
(g1
h1−→ g′1)⊗ (g2
h2−→ g′2) = g1g2
h1g1h2−−−−→ g′1g
′
2. Similarly, each morphism
of crossed modules induces a functor of the corresponding 2-groups.
Remark 4.4. In fact, it is true that any 2-group on X comes from a
crossed module. However, this result is not of practical use. We refer
to [SGA4] for the proof of this fact in the commutative case and to [6]
for the non commutative case on X = pt.
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Example 4.5. Let G be a sheaf of groups on X .
(i) The 2-group defined by the crossed module 1 −→ G is identified
with G[0].
(ii) If moreover G is commutative, the complex G −→ 1 is a crossed
module and its associated 2-group is identified with G[1].
Let G−1 d−→ G0 be a crossed module on X . Then the cohomology
of X with values in the 2-group [G−1 d−→ G0] admits a very explicit
description, which we recall below. This is usually referred as the
(hyper-)cohomology of X with values in G−1
d
−→ G0.
By definition, an object P of [G−1 d−→ G0] on an open subset U ⊂
X is described by an open covering U =
⋃
i Ui and sections {gi} ∈
G0(Ui), subject to the relation gi = d(hij)gj on double intersections
Uij , for given sections {hij} ∈ G
−1(Uij) satisfying hijhjk = hik on triple
intersections Uijk. Hence, up to a refinement of the open covering U =
{Ui}i∈I of X , the 0-cocycles on U with values in [G−1
d
−→ G0], may be
described by pairs ({gi}, {hij}), where gi ∈ G
0(Ui) and hij ∈ G
−1(Uij)
are sections satisfying the relations{
gi = d(hij)gj in G
0(Uij)
hijhjk = hik in G
−1(Uijk),
and ({gi}, {hij}) is equivalent to ({g
′
i}, {h
′
ij}) if and only if there exist
sections {ki} ∈ G
−1(Ui) such that the following relations hold{
g′i = d(ki)gi
h′ijkj = kihij .
The same description for 1-cocycles needs some care, since one has
to consider open coverings for any double intersection Uij . In other
words, one has to replace coverings by hypercoverings. Indices become
thus very cumbersome, and we will not write them explicitly5. Hence
the 1-cocycles on U with values in [G−1
d
−→ G0], may be described by
pairs ({gij}, {hijk}), with gij ∈ G
0(Uij) and hijk ∈ G
−1(Uijk) satisfying
5Recall that, on a paracompact space, usual coverings are cofinal among
hypercoverings
CLASSIFICATION OF DEFORMATION QUANTIZATION ALGEBROIDS. . . 13
the relations {
gijgjk = d(hijk)gik in G
0(Uijk)
hijkhikl =
gijhjklhijl in G
−1(Uijkl).
Moreover, ({gij}, {hijk}) is equivalent to ({g
′
ij}, {h
′
ijk}) if and only if
there exists a pair ({li}, {kij}), with kij ∈ G
−1(Uij) and li ∈ G0(Ui),
such that {
g′ijlj = d(kij)ligij
h′ijkkik =
g′ijkjkkij
lihijk.
Taking the extremal cases [1 −→ G] and [G −→ 1], the latter when
the group G is commutative, one easily recovers from the previous
description the usual definition of the Cech cohomology of X with
values in G. Hence one has the following
Proposition 4.6. Let G be a sheaf of groups on X. Then there is an
isomorphism (of groups if i = 0, of pointed sets if i = 1)
H i(X ;G[0]) ≃ H i(X ;G).
If moreover G is commutative, then there are isomorphisms of groups
(for i = 0, 1)
H i(X ;G[1]) ≃ H i+1(X ;G).
5. Classification of WKB-algebroids
Let (X,ω) be a complex symplectic manifold of dimension 2n and
WX the canonical WKB-algebroid on X .
Let A be another WKB-algebroid. By definition, there exists an open
covering X =
⋃
i Ui such that A|Ui is equivalent to WX |Ui as WKB-
algebroids. Let Φi : A|Ui −→ WX |Ui and Ψi : WX |Ui −→ A|Ui be quasi-
inverse to each other. On double intersections Uij there are WKB-
algebroid equivalences Φij = ΦiΨj : WX |Uij −→WX |Uij , and on triple in-
tersections Uijk there are invertible transformations αijk : ΦijΦjk ⇒ Φik
induced by ΨjΦj ⇒ id. On quadruple intersections Uijkl the following
diagram commutes
(5.1) ΦijΦjkΦkl
αijk idΦkl
+3
idΦij αjkl

ΦikΦkl
αikl

ΦijΦjl
αijl
+3 Φil
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It follows thatWKB-algebroids are described by 1-cocycles (Φij , αijk)
with values in the stack of 2-groups AutWKB(WX)
× of autoequivalences
of WX as WKB-algebroid. (Here the upper index × means that all the
non-invertible morphisms have been removed.)
Denote by WKB(X) the set of equivalence classes of WKB-algebroid
on X , pointed by the class of WX . Hence one gets an isomorphism of
pointed sets
WKB(X) ≃ H1(X ;AutWKB(WX)
×).
Let us briefly recall how to describe more explicitly the 1-cocycle
(Φij , αijk) attached to a WKB-algebroid A. We follow [17, 9].
By definition, WX is locally equivalent to (f
−1W
√
v
M )
+ for any sym-
plectic local chart f : X ⊃ U −→ T ∗M . Hence, up to a refinement of the
open covering X =
⋃
i Ui, one may suppose that WX is equivalent on
Ui toW
√
v
i
+ = (f−1i W
√
v
M )
+, for a symplectic embedding fi : Ui −→ T
∗M
with M = Cn. On Uij the functor Φij : W
√
v
j
+ −→W
√
v
i
+ is then locally
induced by WKB-algebra isomorphisms. Shrinking again the open cov-
ering, we may find an isomorphism of WKB-algebras ϕij : W
√
v
j −→W
√
v
i
on Uij such that ϕ
+
ij = Φij |Uij . On Uijk we have an invertible transfor-
mation αijk : ϕ
+
ijϕ
+
jk ⇒ ϕ
+
ik, so that there exist a section Pijk ∈ W
√
v,∗
i
such that
ϕijϕjk = ad(Pijk)ϕik.
Finally, on Uijkl the diagram (5.1) corresponds to the equality
PijkPikl = ϕij(Pjkl)Pijl.
The datum of ({fi}, {ϕij}, {Pijk}) as above is enough to reconstruct
A (up to equivalence).
In the particular case of X = T ∗M , one has fi = id. A direct
computation as above shows that there is an equivalence of 2-groups
(5.2) AutWKB((W
√
v
M )
+)× ≈
[
W
√
v,∗
M
ad
−→ AutWKB(W
√
v
M )
]
.
We are now ready to prove the following
Theorem 5.1. There is an isomorphism of pointed sets
WKB(X) ≃ H2(X ; k∗X).
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Proof. Consider the natural functor of 2-groups
F : k∗X [1] −→ AutWKB(WX)
×
induced by the functor of pre-stacks which sends the unique object •
to the identity functor idWX . At any point p ∈ X , we may find a
symplectic local chart i : X ⊃ U −→ T ∗M around p, such that WX |U is
equivalent toW
√
v
U
+ as WKB-algebroid. (Here we setW
√
v
U = i
−1W
√
v
M .)
We thus have a chain of equivalences of 2-groups
AutWKB(WX)
×|U ≈ AutWKB(WX |U)×
≈ AutWKB((W
√
v
U )
+)×
≈
[
W
√
v,∗
U
ad
−→ AutWKB(W
√
v
U )
]
,
(the last one follows from (5.2)) and hence the functor F restricts on
U to
F |U : k
∗
U [1] −→
[
W
√
v,∗
U
ad
−→ AutWKB(W
√
v
U )
]
.
By Lemma 5.2, this is an equivalence of 2-groups so that the functor
F is locally, and hence globally, an equivalence. We thus get a chain
of isomorphisms of pointed sets
H1(X ;AutWKB(WX)
×) ≃ H1(X ; k∗X [1]) ≃ H
2(X ; k∗X),
where the latter follows by Proposition 4.6. 
Lemma 5.2. Let M be a complex manifold. Then there is an equiva-
lence of 2-groups on T ∗M
k∗T ∗M [1] ≈
[
W
√
v,∗
M
ad
−→ AutWKB(W
√
v
M )
]
.
Proof. This follows by a direct computation, using (1.2). 
Corollary 5.3. The set WKB(X) has an abelian group structure.
Note that, by much the same proof of Theorem 5.1, one gets an
isomorphism between the group PicWKB(WX) of isomorphism classes
of autoequivalences6 of WX as WKB-algebroid and H
1(X ; k∗X).
6For a sheaf of rings A, one usually denotes by Pic(A) the group of isomorphism
classes of invertible A⊗R A
op-modules. This is consistent with our notation, since
by Morita theorem Pic(A) is isomorphic to the group of isomorphism classes of
linear autoequivalences of Mod(A).
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Remark 5.4. If X = T ∗M for a complex manifoldM , the coboundary
map
δ : H1(T ∗M ;W
√
v,∗
M /k
∗
T ∗M) −→ H
2(T ∗M ; k∗T ∗M)
associated to the exact sequence (1.2), may be interpreted as the map
which sends the class [A] of a WKB-algebra to the class [A+] of the cor-
responding WKB-algebroid. We refer to [7, 3] for similar constructions
in the framework of real manifolds.
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